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Abst rac t  

3 

This paper  computes t h e  e l e c t r i c a l  conduc t iv i ty  of a f u l l y  

i on ized ,  spatially homogeneous plasma under  the in f luence  of a 

uniform, p e r i o d i c a l l y  a l t e r n a t i n g  e l e c t r i c  f i e l d .  The v e l o c i t y  

-z - 

* -& d i s t r i b u t i o n  of the e l ec t rons  i s  determined by so lv ing  the 

l i n e a r i z e d  Fokker-Planck equat ions .  A l l  t h e  t e r m s  i n  t h e  

c o l l i s i o n  i n t e g r a l  a r e  r e t a ined ,  inc luding  those r ep resen t ing  

e l ec t ron -e l ec t ron  i n t e r a c t i o n s .  The r e s u l t a n t  va lues  of 

conduc t iv i ty  i s  expected t o  be v a l i d  i n  t he  range of f requencies  

from zero t o  below the  plasma frequency. 



I. In t roduc t ion  

s The purpose of t h i s  paper is t o  c a l c u l a t e  t h e  A.C.  c o n d u c t i v i t y  

Of a s p a t i a l l y  homogeneous plasma using the Fokker-Planck Equation. 

The D.C, conduc t iv i ty  of a plasma has  been calculated i n  the w e l l -  

known w o r k s  of Cohen, S p i t z e r  and Routly, (’) a n d ’ s p i t z e r  and Harm 

Their r e s u l t s  a r e  i n  good agreement w i t h  the l a t e r  experimental  

w o r k s  of Lin,  e t  a1(3) . 
d u c t i v i t y  assuming a Lorentz gas model . The A.C.  c o n d u c t i v i t y  

of a real  gas  should approach t h a t  of a Lorentz gas  a t  high f requencies .  

(See d e t a i l e d  d i scuss ions  i n  Section I V . )  Toward l o w e r  f r equenc ie s  

t h e i r  depa r tu re  is expected t o  increase  so  t h a t  the i r  r a t i o  becomes 

n e a r l y  2 i n  the D.C. l i m i t ,  i n  accordance w i t h  References (1) and 

(2). The most r e c e n t  works on A.C. conduc t iv i ty  by Dawson, e t  a l . ,  

cons ide r  the t i m e  v a r i a t i o n  of the t w o - p a r t i c l e  d i s t r i b u t i o n ,  w h i c h  

is necessary  when dea l ing  w i t h  A,C,  c u r r e n t s  of u l t r a -h igh  frequen- 

cies. 

t o  t h e  frequency range w > w 

quency. 

mediate range of w appears  desirable. 

(2) 
1 

. 

Bernstein and Trehan compute t h e  A.C.  cm- 

i 4  1 

( 5 )  * (6) 
b 

However, t h e  domain of a p p l i c a b i l i t y  of their  w o r k  is  l i m i t e d  

where wP denotes  t h e  plasma f r e -  P‘ 

Thus, a more p r e c i s e  c a l c u l a t i o n  f o r  t h e  l o w  and i n t e r -  

The basic equat ion t o  be used i n  the p r e s e n t  work is the 

Boltzmann-Fokker-Planck Equatior. : 

,- 



where f i  is  the d i s t r i b u t i o n  function of p a r t i c l e s  of type i, 

(2)c is  t h e  change of f i  produced by c o l l i s i o n s .  

Equation (1) i s  deduced from L i o u v i l l e  theorem t o  d e s c r i b e  ' 

a many-particle system under  two assumptions: 

1) That the  c h a r a c t e r i s t i c  dimensions of the inhomogeneities 

are much l a r g e r  than t h e  average impact parameter f o r , t h e  p a r t i c l e s  

p a r t i c i p a t i n g  i n  the  c o l l i s i o n .  

i) That t h e  c h a r a c t e r i s t i c  t i m e  v a r i a t i o a  Qf t h e  process  i s  - -  

much l a r g e r  than t h e  du ra t ion  of an average c o l l i s i o n ,  o r  i n  o t h e r  

words, a c o l l i s i o n  i s  completed and t h e  c o r r e l a t i o n  func t ion  i s  

"relaxed" be fo re  t h e  d i s t r i b u t i o n  func t ion  i t se l f  makes any appre- 
I 

ciable change. 

It should be noted h e r e  t h a t  the term "durat ion of c o l l i s i o n "  

i s  d i f - f e ren t  from the so-cal led " c o l l i s i o n  t i m e " ;  c o l l i s i o n  t i m e  

i s  t h e  t i m e  between two c o l l i s i o n s .  For p a r t i c l e s  i n t e r a c t i n g  

through long range f o r c e s ,  t h i s  t i m e  may be regarded as  the t i m e  

i n  which d e f l e c t i o n s  g radua l ly  de f l ec t ed  the considered p a r t i c l e  

by 90°. 

a c t i o n  t a k e s  place.  In  a plasma it is  of the  o r d e r  .op . In  

Duration of c o l l i s i o n  is the  t i m e  dur ing which an i n t e r -  

-1 

Figure  1 a t i m e  scale diagram is drawn, and the v a l i d i t y  of o u r  

c a l c u l a t i o n  and those of Dawson, Oberman, and Ron are indica ted .  

The e x p l i c i t  expression of - depends on the n a t u r e .  of (3 
t h e  i n t e r a c t i o n  force. I n  a f u l l y  ion ized  plasma, the p a r t i c l e s  



i n t e rac t  through the long range Coulomb forces. The cumulative 

e f f e c t  of "weak" deflections result ing from the r e l a t ive ly  d i s t a n t  

co l l i s ions  outweighs the e f f ec t  of occasional large def lect ions 

due t o  r e l a t ive ly  close col l is ions,  so one may neglect the contr i -  

bution by those very close encounters (') - encounters which r e s u l t  

i n  def lect ions of 90° or  larger.  

Also, the e f f e c t  of d i s tan t  pa r t i c l e s  lying outside of the . 

Debye length 1 , ~ m a y  be neglected because of the shielding of i n n e r  

par t ic les .  Thus, i n  the computations of (F)c, it is only neces- 

sary t o  consider the co l l i s ions  w i t h  impact distance intermediate 
ea 

between X, and bo, where bo = - i s  the impact parameter yielding 
KT 

a 90° deflection. The e f fec ts  of these co l l i s ions  are cumulative, 

and the t o t a l  deflection produced i n  an in te rva l  of time i s  s imi la r  

t o  t h a t  of the Brownian motion: hence, one may expand (?Ic i n  

powers of <A;>, where <A$> is the average velocity change due t o  

co l l i s ions .  (7) This procedure leads t o  the following Fokker- 

(8) 
Planck co l l i s ion  in t eg ra l  : 

, w h e r e  

i 
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The summation i n  hi and g sums over a l l  species, m i  i s  the 

mass of the " i " t h  species, e i s  the electronic  charge, s=((4zeir 
is the Debye length. \ 1 

1 n . t h i s  paper we consider o n l y  plasma with singly-charged 

ions. The extension of . the present method t o  those with multiply- 

charged ions i s  straight-forward. 
- -  

11. Derivation of Equations and Formulae 

I f  the d is t r ibu t ion  function f has .an azimuthal. symmetry 
I 

about a ce r t a in  axis ,  then, following Rosenbluth, MacDonald, and 

Judd(*), the co l l i s ion  term may be writ ten down exp l i c i t l y  i n  

spherjcal  polar coordinates i n  velocity space: 



.-) 

where p = COS 0 is . the  d i r e c t i o n  cos ine  between v' and E. Equation (6)  

i s  an exact expression of the  Fokker-Planck Equation i n  s p h e r i c a l  

coord ina te s  for  a d i s t r i b u t i o n  funct ion wi th  azimuthal symmetry. 

We assume t h a t  t h e  system is subject to a weak e lec t r ic  field 

(9) 4 

Eoeiwt whose d i r e c t i o n  l i e s  along z-axis .  Then fol lowing Chapman 

Cowling, (lo) and S p i t z e r ,  we expand fi i n  a power series of E: 

where f i ( O )  (v) is a t i m e  independent Maxwellian d i s t r i b u t i o n  and 

f i (v', t) , fi (2) (v", t) , . -. . - . a r e  the per turbed p a r t  d u e  t o  app l i ed  

electric f i e l d .  When a s teady  state has been reached and no t r a n s i e n t  

c u r r e n t  e x i s t s ,  t h e  t i m e  dependent p a r t  of f i  (1) ( G , t )  m u s t  be propor- 

i w t  t i o n a l  t o  e . S'ince t h e  average energy imparted t o  the e l e c t r o n s  

between encounters  i s  small  compared with t h e i r  k i n e t i c  energy, 

the v e l o c i t y  dependent p a r t  of fi (1) ( G , t )  can be w r i t t e n  as 

e 2KT D i  ( v ) ~ .  Therefore,  w e  have 
( j )  m i  - . , a  

Combining equat ions (l), ( 6 ) ,  and ( 7 )  keeping only terms'  
b 

l i n e a r  i n  Eo, we ob ta in  



L.  

Since t h e  i o n s '  cont r ibu t ion  t o  e l e c t r i c  c u r r e n t  i s  n e g l i g i b l e  

compared t o  e l e c t r o n s ,  we w i l l  consider  only e lectron d i s t r i b u t i o n s  

and drop t h e  s u b s c r i p t  i i n  the  d i s t r i b u t i o n  func t ion  h e r e a f t e r .  
i 
t Substituting E q u a t i o n  ( 8 )  i n t o  Equation (9 )  we F i n d ,  after 

I - 

I 
L some a l g e b r a i c  manipulat ions,  t he  following second order l h e a r  ! 
i 
1 

i n t e g r a l - d i f f e r e n t i a 1  equat ion:  I 

D " ( x )  + P(x)D'(x) t Q ( x ) D ( x )  = R(x) + S(x) ('10 1 
I 

t 

where 
1 2 x " + ' ( x )  

H ( X >  
P(x) = -2x - - + 

X 

x = v/(-- 2KT) 
m 

0 
where wc i s  approximately t h e  90 d e f l e c t i o n  time of a p a r t i c l e  

w i th  thermal ve loc i ty .  When w = 0 ,  Equation (10)" reduces 

* N o t e  t h a t  Io(a) i s  e s s e n t i a l l y  t h e  t o t a l  change of mo- 
mentum of e l e c t r o n s  a r i s i n g  from e lec t ron- ion  i n t e r a c t i o n s .  

(Continued on next  page) 
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t o  Equation (8) of Reference (8) which cons iders  D. C. e lectr ic  

conduc t iv i ty .  

I n  a D. C. electric f i e l d ,  t h e  e l e c t r o n s  are no t  a c c e i e r a t e d  

in a steady state, Hence, the i ne r t i a  farce t e r m  is zaro and 

111, Solu t ion  of Equation 

Equation (10) is a l i n e a r  i n t e g r a l - a i f f e r e n t i a l  equat ion 

whose unknown D(x) is  a complex func t ion  of a r e a l  v a r i a b l e .  The 

p r e s e n t  s e c t i o n  w i l l  d i s cuss  the ;.;lethod of i t s  s o l u t i o n .  As w i l l  

be ev iden t  i n  what follows, t h e  procedure f o r  numerical  i n t e g r a t i o n  

is f a r  from straight-forward.  

On t h e  one hand, w e  encounter t h e  problem of t h e  i n s t a b i l i . t y  

of t h e  s o l u t i o n  a t  small  and a t  i a r g e  x. Because of t h e  e x i s t e a c e  

of s i n g u l a r i t i e s  i n  Equation ( 1 0 )  a t  x = 0 and at x = Q), a s l i g h t  

d e v i a t i o n  of D(x) a t  ei ther small or large x, t e rxk  t o  be b u i l t  

up q u i t e  r ap id ly .  I n  order  t o  obta in  a phys i ca l ly  zccsp tab le  

s o l u t i o n ,  it is  requ i r ed  t h a t  D ( x )  does not  approach i n f i n i t y  t o o  

. f a s t ,  l ead ing  t o  i n f i n i t e  conduc t iv i t i e s .  The s t a r t i n g  value of 

*< D a t  s m a l l  x can be obtained by neans of a series of s c l u t i o n s ,  

Since t h s  mutual alectronie  interaction cannot C?--;--GL cke zo ta l  
- .J...Lntnn! --., ,-> of rhe e l e c t r o n s ,  Io(=), by hiewton's second iaw, must  
.L-.al t h e  t o t s 1  f o r c e  exe r t ed  or. the  e l e c t r o n s  by t h e  appl ied  

;;eid minus t h e  i n e r t i a  f o r c e  of e l e c t r o n s ,  T h i s  r e l a t i o n  g ives  - .  

us : 
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But because 

a step w i s e  

schene used 

t h e i r  paper 

O n  the 

q u a n t i t y  a s  

of t he  i n s t a b i l i t y ,  w e  cannot proceed t o  i n t e g r a t e  i n  

manner. To overcome t h i s  d i f f i c u l t y ,  w e  adopted a 

by Cohen, S p i t z e r ,  and Routly.  W e  s h a l l  refer t o  

(Reference (1)) for f u l l  de t a i l s .  

other hand, w e  n o t e  t h a t  Io(=) i s  no longer  a known 

it is  i n  t h e  case of D .  C. conduc t iv i ty ;  it depends on 

t h e  s o l u t i o n  D(xj i tself .  W e  proceed a s  fo l lows .  S ince  w e  want, 

c o n d u c t i v i t i e s  a t  d i f f e r e n t  f requencies ,  it i s  necessary  t o  o b t a i n  

s o l u t i o n s  f o r  d i f f e r e n t  va lues  of t h e  paraiieter 3. W e  begin  w i t h  

a sma l l  va lue  B = 0.05. Using an Io(a) t aken  fron t h e  D. C. c a se ,  

i .e.  I,(=) = 0.665, w e  o b t a i n  a s o l u t i o n  to Equation (10) &on 

w h i c h  we get  a new Io(=). 

Io(=) obta ined  for  t h e  previous B. I n  t h i s  w a y ,  w e  proceed t o  ever  

i n c r e a s i n g  v a l u e s . o f  B, u n t i l  the i n i t i a l  adopted Io(.") and the 

X e x t ,  w2 p a s s  on to S = 0.1 u s h g  the 

f i n a l  c a l c u l a t e d  Io(=) di f fe r  by no rnore than  2 per c e n t .  T h i s  

occurs  a t . B  = 1.37. From t h i s  n o i n t  on, w e  resorz t o  a method of 

sys t ema t i c  t r i a l s .  T h e  i n i t i a l  and f i n a l  Io(.") for  511 values  of 

B ag ree  t o  w i t h i n  2 p e r  c e n t ,  which i s  considered s u f f i c i e n t l y  

accurate fo r  t h e  p r e s e n t  purposes. 

IV. R e s u l t s  and Discussion 

The c u r r e n t  Is given  by 

f * - e  + - i u t  -b 

J = -es d v v f l ( v , t )  = AEoe 13(-) 
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- .  where dx -X* Is (m) = so x"D(x) e 

S ince  J = DE, w e  have t h e  compiex conduc t iv i ty  
H H 

1 Rei3 ( w )  -- c X e I 3  ( w )  t E  e r e s i s t a n c e  R = - 
. A I I 3 ( w ) / '  

w i t h  

It may be remarked here tha t  the  A. C. conduct iv i ty&pends  on 

three factors : 

1) The i n e r t i a  05 the  conducting e l e c t r o n s .  

2) T h e  mutual in te rac t ior .  a iong e l e c t r o n s  and i o n s ,  

~ 3 )  The n u t u a l  i n t e r a c t i o c  arnonc; e l e c t r o n s  ehemselves. 

The mutual e l e c t r o n i c  i n t e r a c t i o n s  nave no i i r ec t  effect  or: 

c o n d u c t i v i t y  s i n c e  t h e  t o t a l  change of momentxr. i.-x CG such i n t e r -  

actions is  zera, Nevertheless ,  t h e y  alter t h e  d i sz r l f iu t ion  I of 

e l e c t r o n s  and the reby  modify t h e  effect  w h i c h  e l ec t ron - ion  c o l i i -  

s i o n s  and eiectron i n e r t i a  have i n  iripeding t h e  c u r r e n t .  V?he~ 

.. 

.- ., 

. 



w is s m a l l ,  t h e  conduct iv i ty  is  p r imar i ly  determined by c o l l i s i o n s .  

The i n c l u s i o n  of e lec t ron-e lec t ron  i n t e r a c t i o n s  reduces the  con- 

d u c t i v i t y . b y  a f a c t o r  of approximately two. As w i n c r e a s e s  and 

becomes of order wc,  this e€Eect becoinea less and less important 

because t h e r e  is then  i n s u f f i c i e n t  t i m e  i n  each A, C. c y c l e  t o  

a l l o w  an e f f e c t i v e  modif icat ion of t h e  d i s t r i b u t i o n  by e l ec t ron -  

electro. i n t e r a c t i o n s ,  When iu w e l l  exceeds wc, w e  may neg lec t  t h i s  

L 

(25)  

J 

effect and D ( x )  reduces to 

and t h e  corresponding conduct iv i ty  becomes 

which i s  just the A. C ,  conduct iv i ty  of a Lorentz g 

(26)  

(4) 

I f  w e  f u r t h e r  i nc rease  u, t h e  i n e r t i a  e l e c t r o n s  become 

dominant. Then we  may t r e a t  c o l l i s i o n  e f f e c t  as a p e r t u r b a t i o n  

and o b t a i n  
1 

3ri5 2 1  
0, = A( T i  + 3 )- B 

' s i  (8 + 3 ~ 7  B i )  
- 1 4B' zaD - - 

A 64 + 9?TBa 



I n  Table I t h e  va lues  of D(x) for  B = 1 axe given arid cmy)ared 

w i t h  t h e  corresponding values  for t h e  D, C, case obtained by S p i t z e r  

and Harm.  ( 2 )  

I n  Table I1 t h e  r e s i s t a n c e ,  the reactance,and the  a b s o l u t e ’  

I value of conduc t iv i ty  are given for var ious  B from 0 t o  10. For 

B > 10, one may use Equation ( 2 6 )  t o  compute t h e m .  The e r r o r  w i l l  

be w i t h i n  2 per cen t .  For B > 50 t h e  c o l l i s i o n s  become unimportant 

and Equations ( 2 7 ) . -  (30) w i l l  g ive t h e  c o r r e c t  values  t o  w i t h i n  

2 p e r  c e n t .  However, t h e r e  the validity of t h e  Fokker-Planck 

Equation a l r eady  

Oberman’s va lues  

becomes quest ionable  and one should use Dawson- 

i n s t e a d  of ours. 



References 

1. R. Cohen, L. S p i t z e r ,  Jr., and P .  Xoutly, Phys, Rev., 80,  230 ( 1 9 5 0 ) -  

2. L. Spitzer, Jr. and R. Harm, Phys. R e v . ,  k9, 977 (1953)- 

' '3 ,  S. L i n ,  E. L. R e s l e r ,  and A, Kantrowitz,  5. A p p l .  ?hys., 26, 95 (1955) .  - 
5 ,  J. Dawson and C. Oberman, Phys.  F l u i d ,  5 517 (1962) . 
6.  C. Oberman, A. Ron, and J- Dawson, Phys. F l u i d ,  2, 1514 (1962) .  

.I.-/ 

7. . S .  Chandrasekhar, Rev. Xo,od. Phys., 1 5 ,  1 (1943). 

8. M. Rosenbluth, W. MacDonala, and D .  Judd, Phys. Xev., E:, 1 (1957) . 
YY' 

9. S .  Chapman and T. G ,  Cowlins, "The Mathematical Theory of Xon- 
Uniform Gases" (Cambridge Univers i ty  Press, London,, 1939) . .  

- pg. r n - - - ~ - .  ~ ~ ~ l . i ~ ~ ~ - ,  -plot.- . 1 \ v y .  ne.- S G C ;  -A. , 153, ' 453  (1545)r. 
L"c 

I .  



Table  1 

i 

0.10 0. o o o w d i  -U.JCl32029 G.OGGZG93 
0-11 0.0009252 -9.0003438 0.001300 
0 .12  0.001376 -2. coo542 0.901970 
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0.04\30 -9 .0225  0.06601 
0.0483 -0.G37‘;. 0. GSC57 
0 - 0 5 7 5  n - 7 1 -  2.05672 

. 0.32 . 
- u . u s Z J Y  
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0.38  
0.40 
0.44 
0.48 
0.52  
0 .56  
0.60 
G.64 
0.68 
0 .72  
0.76 
0.80 
0 .88  
0.96 
1.04 

0 - 07S3 
G .  0899 
0.1153 
0.1435 
0.1744 
0.2GIO 
0.2439 
0.2833 
3.3227 
0.3652 

0.4559 
0.5535 
0 - 6570 
0.7656 

0.4096 



1.12 
1.20 
1.28 
1.36 
1.44 
1.52 
1.60 
1.76 
1.92 
2.08 
2.24 
2.40 
2.72 
2.88 
3.04 
3.20 

0.8782 
0.9937 
1.111 
1.2290 
1.3457 
1.4598 
1.5693 
1.7657 
1.1915 
1 .9973  
1.9913 
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The c o n d u c t i v i t y ,  t he  r e s i s t a n c e  and 

t h e  reactance of A .  C. c u r r e n t  

d A  R/C 

U / W c  Real gas L o r e n t z  gas Real gas L o r e n t z  gas ?.ea1 gas L o r e n t z  gas 
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F i g u r e  1 

The Ranges of Validity of Conpu ted  A.C. C o n d u c t i v i t i e s  
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